The x, t-dependence of the symmetries of (1+1)-dimensional scalar evolution equations is studied. The sufficient condition of polinomiality in time t of the symmetries of KdV-like evolution equations is found. The general form of time dependence of the symmetries of KdV-like nonlinearizable evolution equations is presented.
Introduction
It is well known that provided scalar (1+1)-dimensional evolution equation possesses the infinitedimensional commutative Lie algebra of time-independent non-classical symmetries, it is either linearizable or integrable via inverse scattering transform [1, 2] . The standard way to prove the existence of such algebra is to construct the recursion operator [2] . But Fuchssteiner [3] suggested an alternative way to do that: if the evolution equation possesses time-independent mastersymmetry and several time-independent symmetries, the required commutative algebra may be generated by the repeated commuting of mastersymmetry with time-independent symmetries. In its turn, to possess the mastersymmetry, the equation in question must have (at least one) polynomial in time t symmetry.
This fact was one of the main reasons of growing interest to the study of whole algebra of time-dependent symmetries of evolution equations [10, 11, 12] .
However, the complete description of this algebra even for the simplest case of scalar (1+1)-dimensional evolution equation is an extremely difficult task, which hardly may be carried out without any a priori conjectures (say, that all the symmetries are polynomial in time t). To the best of author's knowledge, in the class of nonlinear evolution equations the complete algebras of time-dependent symmetries were found only for KdV equation by Magadeev and Sokolov [5] and for KdV and Burgers equations by Vinogradov et al. [6] . In [6] there were also proved two no-go theorems, which show, when the symmetries of third order KdV-like and second order Burgers-like equations are exhausted by Lie ones.
Orlov and Winternitz [7] and Orlov and Shul'man [8] have constructed the rich sets of symmetries of (2+1)-dimensional KP hierarchy and the symmetries of (1+1)-dimensional integrable systems, using the technique of "infinitesimal dressing". Unfortunately, it is by no means clear how to pick out from the whole set of non-local symmetries, found in [7, 8] , local symmetries and whether all the symmetries of the systems in question are given by that construction.
Surprisingly enough, for the scalar (1+1)-dimensional KdV-like non-linearizable evolution equation with time-independent coefficients it is possible to establish the general form of time dependence of its symmetries. Namely, as we show below, any symmetry of such equation as a function of t is a linear combination of products of the exponents by polynomials (i. e. of quasipolynomials).
where u l = ∂ l u/∂x l , l = 0, 1, 2, . . ., u 0 ≡ u, c = const, and its symmetries, i.e. the right hand sides G of evolution equations
compatible with equation (1) . The biggest number k such that ∂G/∂u k = 0 is called the order of symmetry and is denoted as k = ord G. If G is independent from u, u 1 , . . ., we assume that ord G = 0. Let S (k) be the space of symmetries of order not higher than k of (1) and S = ∞ j=0 S (k) . For any sufficiently smooth function h of x, t, u, u 1 , . . . , u r let us introduce the following quantities [1] :
where
In the terms of these quantities the Lie bracket may be written as
This definition differs from the conventional one [1, 2, 9] by the sign, but is more suitable for our purposes. S is Lie algebra with respect to Lie bracket [2, 9] and S (1) is Lie subalgebra in S. Let us remind that equation (2) is compatible with equation (1) if and only if
It is known [1] that equation (3) implies the following relations:
where [·, ·] stands for the usual commutator of linear differential operators.
Combining (4) with (5) yields
Equating the coefficients at D s , s = 0, 1, 2, . . ., on right and left hand sides of equation (6) yields
Note that equation (7) for l = n + k − 1 yields (provided k ≥ 2)
where c k (t) is arbitrary function of t. Furthermore, we see that in virtue of (6) for the equation (1) [
Equating the coefficients at powers of D in (9) yields the equations (7) with l = p+1, . . . , n+k−1, from which we may find ∂G/∂u i , i = k − p + 1, . . . , k. Next, we observe that equation (9) possesses the solution F * with p = n. Hence, the conditions of solvability of the equations (7) with l = k + 1, . . . , n + k − 1 are automatically fulfilled. Moreover, since F is x-independent, it guarantees the solvability of the equations in question in terms of functions of u, . . . , u k and t (in complete analogy with the results of [13] ). Hence, ∂G/∂u i , i = max(k − n + 2, 2), . . . , k will be x-independent. In particular, any symmetry of order k ≤ n − 2 has the form
Thus, for any symmetry G of (1) ∂G/∂x will be the symmetry of (1) of order not higher than max(1, ord G − n + 1). Repeating the same process for ∂G/∂x and so on, we obtain that
is the symmetry of order not higher than n − 2 and hence is of the form (10). Here and below [s] denotes the integer part of the number s. The integration of the symmetry ∂ r G/∂x r r times with respect to x yields the following Theorem 1 Any symmetry G of (1) of order k ≥ 2 may be represented in the form
where s ≤ k n−1 .
One may easily show that if
then in (9) p = max(k, n − 1 − j). From this result it is easy to deduce that ∂ψ/∂u r = 0, r = max(1 − j, 0), . . . , min(1, j).
3 Symmetries of KdV-like equations
Now let us turn to the particular case, when
where c = const. We shall call the equations (1) with F (14) KdV-like, since the famous Korteweg -de Vries equation has the form (1) with F (14), where n = 3, c = 0 and f = 6uu 1 .
Provided (14) holds true, equation (7) for l = k may be rewritten as (we assume k ≥ n − 1)
where R stands for the terms which depend only on F and its derivatives and on ∂G/∂u i , i = k − n + 2, . . . , k. Moreover, R is a total derivative (i.e. R = D(K) for some K), as it follows from the fact that if (1) is KdV-like, F * is solution of (9) with p = n − 2. Namely, if G would be independent from t, in (9) it would be always p = n − 2 and the equation for ∂G/∂u k−n+1 would be solvable. Then the analysis of the coefficients at D n in (9) yields the required result, since R is of the same form as if G would be time-independent. The only difference is that instead of the functions of t we would have constants in R.
With all that in mind, one may easily integrate (23), what yields
where · · · stands for some x-independent terms. ¿From (16) it is obvious that the leading term of the symmetry P ≡ ∂G/∂x is
and ord P = k − n + 1.
Iterating the above procedure shows that the leading term of the symmetry
is of the form
where q ≡ ord Q ≤ n − 2. Using (18), one may easily show (cf. [5] for the case of KdV equation) that the following statement holds true:
Theorem 2 If all the symmetries of order not higher than n − 2 of KdV-like equation (1) either are polynomial or are linear combinations of quasipolynomials in t, then so does any symmetry of this equation.
This gives a very simple sufficient condition for all the symmetries of a given KdV-like evolution equation to be polynomial in time t. In such a situation all the time-dependent symmetries of equation in question may be constructed via the so-called generators of degree s for different s ∈ N and allows to use some general results in this field obtained by Fuchssteiner [3] .
As an example we note that all the symmetries (2) of formally integrable nonlinear KdV-like equations of third order, listed in [14] , i.e. of the equations
where a, b, c, d ∈ C, are polynomial in t, since the symmetries of orders 0 and 1 of these equations are polynomial in t. Now let us analyze in more detail the general form of time dependence of symmetries of KdV-like equation (1) . Assume that the equation considered may not be linearized by means of contact transformations (for the sake of brevity we shall call it non-linearizable). Let Φ ≡ {ϕ(x, t)|ϕ(x, t) ∈ S}. For any non-linearizable equation (1) we have dim Φ ≤ n [9] .
Using this result allows us to show that dim S (k) < ∞ for any k = 0, 1, 2, . . .. First of all we note that the derivatives ∂G/∂u i may be found from k + 1 equations (7) with l = n − 1, . . . , k + n − 1. One may easily show (cf. [1, 13] 
for i = 0, . . . , k − 1, and
where c i (t), i = 0, . . . , k are arbitrary functions of t.
Obviously, for any symmetry G (11) of order k (if we assume that the functions g j are completely defined by ∂G/∂u i , i = 0, . . . , k) we have
where a p ∈ C, γ j (t) are arbitary functions of t, ϕ i (x, t), i = 1, . . . , dim Φ denote some basis in Φ and ∂ −1 x ≡ x 0 dx. Then the substitution of G (11) with ψ (21) into the equations (7) with l = 0, . . . , n − 1 will yield in final account the system of linear ordinary differential equations in t for c i (t), i = 0, . . . , k, γ j (t), j = 0, . . . , s, s ≤ k n−1 . Using (19), (20), (21) it is straightforward to check that the general solution of this system may contain at most
arbitrary constants (including a p ). Hence, dim S (k) ≤ N k,n < ∞. Since the space S (k) is finite-dimensional and invariant under ∂/∂t, one may easily show [15] that any symmetry of order k of KdV-like non-linearizable equation (1) is nothing but a linear combination of (at most) dim S (k) linearly independent symmetries of the form
where λ ∈ C and m ≤ dim S (k) − 1. Summing up all that yields the following result:
Theorem 3 For any non-linearizable KdV-like evolution equation (1) dim
and any symmetry Q of order k of such equation is a linear combination of the symmetries (23).
Thus, we have described the possible forms of time dependence of symmetries of nonlinearizable KdV-like evolution equations. Combining this result with Theorem 2 gives a powerful tool for the investigation of the symmetries of KdV-like evolution equations. It is interesting to note that some general properties of time-dependent symmetries, being the linear combinations of the expressions (23), were studied by Ma [12] . However, while he considered this form as given a priori, we have proved that all the symmetries of non-linearizable KdV-like equation (1) really have this form.
Moreover, acting on any symmetry (23) by (∂/∂t − λ) m for λ = 0 or by ∂ m−1 /∂t m−1 for λ = 0, we obtain the symmetry which is either linear or exponential in t, i.e. the following assertion holds true:
Corollary 1 Non-linearizable KdV-like equation (1) possesses time-dependent symmetries if and only if it possesses (at least one) symmetry of the form
or of the form
where Q 0 , G 0 and
The substitution of (25) into (3) yields
Similarly, from (26) and (3) we obtain
In the first case F is called scaling symmetry (or conformal invariance [4] ) of Q 0 . However, known scaling symmetries F of integrable hierarchies, such as KdV, depend usually only on x, u, u 1 but not on u 2 and higher derivatives [4] and hence do not generate evolution equations of the form (1), which we consider here. We guess that if KdV-like equation (1) is non-linearizable and integrable, there exist no functions Q 0 , which satisfy (27) with λ = 0. Moreover, it is believed [10] that in such a case the only polynomial in t symmetries (2) that equation (1) may possess are those linear in t. Now let us consider the second case. If there exists some commutative algebra Alg of timeindependent symmetries of KdV-like non-linearizable equation (1) , such that for any K ∈ Alg the Lie bracket {G 0 , K} ∈ Alg, G 0 is mastersymmetry of (1), and hence equation (1) possesses (under some extra conditions, vide [3] ) the infinite set of time-independent symmetries and is probable to be integrable via inverse scattering transform. Let us mention that the condition of commutativity of Alg may be rejected if G 0 is scaling symmetry of F , i.e. {F, G 0 } = µF for some µ ∈ C, µ = 0 [4] .
As a final remark, we would like to formulate the following Conjecture. For any KdV-like non-linearizable evolution equation (1) either all its symmetries are polynomial in t or all they are linear combinations of exponents in t.
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